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Abstract 

The aim of this paper is to present the analysis for the solutions to nonlinear stochastic 
functional differential equations driven by G-Brownian motion (G-SFDEs) with infinite delay. 
Under some useful assumptions, we have proved that the G-SFDE with infinite delay admits 
a unique local solution. The mentioned theory has further generalized to show that G-SFDE 
with infinite delay has a unique strong global solution. The asymptotic properties, mean square 
boundedness and convergence of distinct solutions with different initial data have been derived. 
We have investigated that the solution map X t is mean square bounded. Then the convergence 
of distinct solution maps from different initial data has also been determined. In addition, the 
upper bound for the second moment of Lyapunove exponent has been acquired. The mean 
square exponential stability for the equilibrium solution has been explored. 

Key words: Existence, local and global solutions, boundedness, convergence, Lyapunove 
upper bound, stability, solution maps, stochastic functional differential equations, G-Brownian 
motion. 


1 Introduction 

The stochastic dynamical systems, in which the future state of the systems not only relies on 
the current state but also on its past history, lead to stochastic functional differential equations 
with delays. These equations have tremendous applications in diverse areas of sciences and engi¬ 
neering such as population dynamics, see e.g. [1, 25], epidemiology, see e.g. [4], gene expression, 
see e.g. [26], financial assets, see e.g. [5, 35, 40] and neural networks see e.g. [19]. There is 
by now a rather comprehensive mathematical literature on existence, uniqueness, stability, mo¬ 
ment estimates and other related results of solutions for stochastic functional differential equations 
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[3, 22, 23, 24, 27, 28]. In the framework of G-Brownian motion, the existence and uniqueness the¬ 
orem for solutions to stochastic functional differential equations with infinite delay has been given 
by Ren, Bi and Sakthivel. Under the linear growth and Lipschitz conditions, they have used the 
Picard approximation technique [32] while Faizullah has used the Cauchy-Maruyama approxima¬ 
tion scheme [13] to develop the mentioned theory. The idea has been extended to non-Lipschitz 
conditions by Faizullah to prove the existence-uniqueness theorem [10] and pth moment estimates 
for the solutions to these equations [11, 12]. Recently, Faizullah et. al, [ 8 , 9] has generalized the 
theory to determine existence, stability and the pth moment estimates for solutions to neutral 
stochastic functional differential equations in the G-framework (G-SFDEs). However, to the best 
of our knowledge, no literature can be found on the local and global strong solutions for stochas¬ 
tic functional differential equations driven by G-Brownian motion with infinite delay in the phase 
space Cq((— oo, 0]; R rf ) defined below. This article will contribute to fill the mentioned gap. Fur¬ 
thermore, this article will present a systematic study of the asymptotic properties for the solutions 
as well as solution maps for G-SFDEs. The upper bound for the second moment of Lyapunove 
exponent and stability theory for the equilibrium solutions of G-SFDEs will be investigated. Let R rf 
and A T denote d-dimensional Euclidean space and transpose of a matrix or vector A respectively. 
Let C((—oo, 0]; R d ) be the collection of continuous functions from (—oo,0] to R d , then for a given 
number q > 0 we define the phase space with the fading memory C q ((— oo, 0]; R rf ) by 

CM— oo, 0]; R d ) = {ip E C((— oo, 0]; R d ) : lim e qa 'ip(a) exists inM. d }. 

a —>—oo 

The space C q ((— oo, 0]; R rf ) is complete with norm HV’llg = sup_ oo<a<0 e qa \ip(a)\ < oo. This is a 
Banach space of continuous and bounded functions and for any 0 < q\ < q 2 < oo, C qi C C q2 [17, 38]. 
Let B(C q ) be the cr-algebra generated by C q and C q = {ip E C q : lim Q ^_ 00 e qa ip(a) = 0}. Denote 
by L 2 (C q ) (resp. L 2 (C q )) the space of all ^-measurable Cq-valued (resp. C^-valued) stochastic 
processes ip such that E||^||q < oo. Let (Q,!F,P) be a complete probability space, B{t) be a 
d-dimensional G-Brownian motion and J~t = cr{B(s) : 0 < s < t} be the natural filtration. Let 
the filtration {J-]t > 0} satisfies the usual conditions. Let V be the collection of all probability 
measures on (C q ,B(C q )) and Lb(C q ) be the set of all bounded continuous functionals. Let Nq be 
the set of probability measures on (—oo, 0] such that for any fi E IVo, f_ fj,(da) = 1. For any l > 0 
we define Ni by 

rO 

Ni = {fi E IVo : ^ = / e~ la n(da ) < oo}, 

J — OO 

where for any k E (0,/co), Nk 0 C C Nq [38]. Consider the following stochastic functional 
differential equation driven by G-Brownian motion (G-SFDE) with infinite delay 

dX(t) = g{X t )dt + h(X t )d{B, B)(t) + 7 ( X t )dB(t ), (LI) 

on t > 0 with initial data Xq = £ E C q and X t = {X(t + a) : —oo < a < 0}, g : C q ((— oo, 0]; M d ) —> 
R rf , h : C q ((— oo, 0]; R d ) —► R d , 7 : C q ((— 00 , 0]; R rf ) —> R d are Borel measurable. 

Definition 1.1. A continuous R 0 *-valued and 3~t adapted process X(t), —00 < t < 9 e is called a 
local strong solution of problem (1.1) with initial data £ E C q if X(t) = £(t) on —00 < t < 0 and 
for all t > 0 , 

ftA6 k rtA9 k rtA9 k 

x(t) = C(0)+ / g(X s )ds+ h(X s )d(B,B)(s)+ 1 (X s )dB(s), 

Jo Jo Jo 
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holds q.s. for each k > 1, where {6k', k > 1} is a nondecreasing sequence of stopping times such 
that 6k —> 6 e quasi-surely as k —► oo. 

In addition, if limsup t _>0 |X(i)| = oo holds q.s. when 6 e < oo q.s., then X(t), —oo < t < 6 e 
is called a maximal local strong solution and 6 e is called the explosion time. If 6 e = oo, then 
it is called a global solution. A maximal local strong solution X(t), — oo < t < 6 e is said to be 
unique if for any other maximal local strong solution Y(t), —oo < t < 6 e , we have 6 e = 6 e and 
X(t) = Y(t ) for —oo < t < 6 e quasi-surely. The rest of the paper is organized as follows. Section 
2 is devoted to some basic concepts required for the subsequent sections of this paper. Section 3 
introduces the existence and uniqueness theory of local and global solutions for stochastic functional 
differential equations driven by G-Brownian motion with infinite delay. Section 4 describes that 
G-SFDEs with infinite delay have bounded solutions. Moreover, it shows that two distinct solutions 
of G-SFDEs with distinct initial data must converge. Section 5 studies the asymptotic properties 
such as boundedness and convergence of the solutions map Xt of G-SFDEs with infinite delay. The 
upper bound for the second moment of Lyapunove exponent and stability theory for the equilibrium 
solution of G-SFDE is included in section 6 . 


2 Preliminaries 

Building on the concepts of G-Brownian motion theory, this section includes the basic notions, 
results and definitions needed for the further study of the subject. For more details on the concepts 
briefly discussed, readers are refer to the papers [2, 15, 18, 21, 29, 30, 33, 34, 36, 39]. Let O be a 
given basic non-empty set. Assume TL be a space of linear real functions defined on D satisfying that 
(i) 1 G TL ( ii) for every d > 1, X\, X 2 ,..., X d G TL and p € C&.Lj p (M d ) it holds ip(X \,X 2 , ... ,X d ) € TL 
i.e., with respect to Lipschitz bounded functions, TL is stable. Then [Q,TL,E) is a sub-expectation 
space, where E is a sub-expectation defined as the following. 

Definition 2.1. A functional E : TL —> M satisfying the following four characteristics is known as 
a sub-expectation. Let X, Y G TL, then 

(1) Monotonicity: E[X\ > E[Y] if X > Y. 

(2) Constant preservation: E[K] = K, for all K G M. 

(3) Positive homogeneity: E[aX] = aE[X\, for all a G M + . 

(4) Sub-additivity: E[X\ + E[Y] >E[X + Y}. 

Let E[Y] = E[—Y] = 0, K G M and a G M + then E[K + aY + X] = K + E[X]. Furthermore, 
assume that D be the space of all Revalued continuous paths (w(t))t> 0 starting from zero equipped 
with the norm 

00 1 

p(w l ,w 2 ) = (“a* - w 2 (t)| A 1), 

then for any fixed T G [0, 00 ), 

L° ip (Q T ) = h),B(t 2 ),..., B(t d )) : d > l,h,t 2 , ...,t d G [0, T], <\> G C' fe . Lip (M dxn ))}, 
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where for w G 0, t > 0, B(t) = B(t,w) = w(t) is the canonical process, L® (fit) C L^,(fLr) for 

t < T and L® p (fl) = U ^ =l L^ p (fl n ). The completion of L® p (fl) under the Banach norm 5[|.| p ]p, 
p > 1 is denoted by L p G (fl), where L G (flt ) C L p G (flx ) Q Lg(fi) for 0 < t < T < oo. Generated by 
the canonical process {L>(i)}i>o, the filtration is given by Tt = cr{B(s ),0 < s <t}, T = {Tt}t>o- 
Let 7 tt = {^ 0 )ii, •■•5 Lv}j 0 < to < ii < ••• < tjv < oo be a partition of [0, T]. Choose p > 1, let 


M g °(0,T) denotes a collection of the following type processes 


N -1 




( 2 . 1 ) 


i=0 


where G L^fl^), i = 0,1,N — 1. Moreover, the completion of Mq°(0, T ) with the norm given 
below is denoted by M G (0,T), p> 1 



Definition 2.2. A d-dinrensional stochastic process {}*>o satisfying the following features is 
called a G-Brownian motion 


(1) 5(0) = 0. 

(2) The increment B(t + s) — B(t) is N(0, [so 2 , scT 2 ])-distributed. 

(3) The increment B(t + s) — B(t ) is independent of B(t\), Bfo), . B(td), for every d G Z + 

and 0 < t\ < t 2 <,< t c i < t. 

Definition 2.3. Let rjt G M G °(0,T) be given by (2.1). Then the G-Ito’s integral I(p ) is defined 


by 


AT— 1 





z=0 


A mapping I : M G °( 0 , T ) i—> L g (Tt) can be continuously extended to I : M G ( 0 , T) i—> L‘ g (Tt) and 
for 77 G Mq( 0, T) the G-Ito integral is still defined by 



Definition 2.4. The G-quadratic variation process {{B a )(t)}t >0 of G-Brownian motion is defined 
by 


N-l 


B a (tf- 2 [ 

Jo 


(B a )(t)= lim 

iV—»oo z ' 


B a (s)dB a (s), 


which is an increasing process with {B a )( 0) = 0 and for any 0 < s < t, 

(B a )(t) - (B a )(s ) < cw(t - s). 
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Assume that a, a G be two given vectors. Then the mutual variation process of B a and B a 
is defined by ( B a , £ a ) = \[{B a + 0 a )(f) - ( B a - 0 a )(2)]. A mapping H QtT : M° ;1 (0, T) ^ L 2 G (E T ) 
is defined by 


,-T N-l 

HoAv) = / v( s )d{B a )(s) = J2 mB a ) { U + 1 ) - 
■'o i=0 

which can be continuously extended to Mg(0, T) and for 77 G Mq( 0, T) this is still denoted by 

[ T V (s)d(B a )(s) = 

Jo 

The G-Ito integral and its quadratic variation process satisfies the following properties [31, 37]. 
Proposition 2.5. (1) E[J^ Tj(s)dB(s)] = 0, for all 77 G Mq(0,T). 

( 2 ) ^[(/ 0 T 7 ?(s)^(s)) 2 ] = £[/ 0 T V 2 (s)(B 1 B)(t)} < a 2 E[fT r] 2 (s)dt], for all rj G M^(0,T). 

( 3 ) £Lfo T l 7 ?(s)l p *] < Jo E\r](s)\ p dt, for all r] G Mg( 0 ,T). 

For more details of the following Burkholder-Davis-Gundy (BDG) inequality for G-stochastic 
integrals, see [14]. 

Lemma 2.6. Let p > 2 and rj G Mq( 0,T), then 
e[ sup 1 

0<s<i Jo L — 1 Jo 

The concept of G-capacity and lemma 2.9 can be found in [ 6 ]. 

Definition 2.7. Let 0(12) be a Borel cr-algebra of 12 and V be a collection of all probability 
measures on (12,0(12). Then the G-capacity denoted by C is defined as the following 

C(A) = sup P(A), 
p&v 


where set A G 0(12). 

Definition 2.8. A set A G 0(12) is said to be polar if its capacity is zero i.e. C(A) = 0 and a 
property holds quasi-surely (q.s) if it holds outside a polar set. 


Lemma 2.9. Let X G L p and 0|A| P < 00 . Then for each a > 0, the G-Markov inequality is 
defined by 


C{\X\ >a)< 


E[\X\ P } 
a 


For the proof of the following lemmas 2.10 and 2.11 see [14]. 
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Lemma 2.10. Let p > 2, rj £ Mq( 0,T), a £ M. d and X(t) = r](s)dB a (s). Then there exists a 
continuous modification X(t) of X[t), that is, on some ilcfl with C(Q C ) = 0 and for all t £ [0,T] ; 
C(\X(t) — X\ y 0) = 0 such that 

E[ sup |X(i;) - X(s)H < KalrE( f \ V (v)\ 2 dv)S, 

S<V<t Js 

where 0 < K < oo is a positive constant. 

Lemma 2.11. Let p > 1, rj £ Mq(0,T ) and a,a £ then there exists a continuous modification 
X a,a (t) of X a,a (t) = Jq p(s)d(B a , B a )(s) such that for 0 < s < t < T, 

E[ sup |X“’>) - A a ’“(s)| p ] < (]a {a+d){a _^nt - sY-'E f \ V (v)\?dv, 

0 <s<v<t 4 J s 


The next two lemmas will also be used in the subsequent sections of this article [22]. 
Lemma 2.12. Let a, b > 0 and e £ (0,1). Then 

(a + b) <-h --. 

e 1 — e 

Lemma 2.13. Assume p> 2 and e,a,b > 0. Then the following two inequalities hold. 


(i) a P-i b < » + w 


peP~ 


(ii) a^b 2 <^^ + ^. 


pe 


3 Existence of solutions for G-SFDEs with infinite delay 

To study the existence and uniqueness of local solutions of (1.1), we assume the following local 
Lipschitz condition; 

(Ai) For any l > 0, there exists a Ki such that 

\g{v) - s#)l v \Kv) - h W \ v - 7WOI < Ki\\ip - y\\ g , 

for ip,y £ L q with ||^|| V ||</?|| < l. 

Theorem 3.1. Let condition A\ holds. For any initial data ( £ C q , equation (1.1) admits a unique 
local solution. 
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Proof. For any sufficiently large Iq and l > lo, we define the truncation functions gi , hi and 7 1 as 
follows 


9l(p) 
hi{p) 
7 i(<p) 


if IMI 9 >*> 

h{ip), if llv^llq < l ; 

fc(lfe), if IIv^IIq > ^ 

H \\<P\\q < l 


Consider the following G-SFDE with infinite delay 

d*«(t) = + h l (X^)d(B, B)(t) + ^(xP)dB(t), (3.1) 

with the initial data f G C q . By condition A\, coefficients gi, hi and 7 1 satisfy the global Lipschitz 
condition. It implies the linear growth condition because (3.1) is autonomous. One can show 
that E[sup_ ao<8<T |7fW(s)| 2 ] < C, where C is a positive constant. This follows that X^\t) is 
bounded, in particular J®(f) G Mq((— 00 , T]; R d ). But the coefficients satisfy the global Lipschitz 
and growth conditions, so equation (3.1) admits a unique solution [13, 32] say X^{t) satisfies 

X«(t) = C(0)+ f 9l (X®)d8+ f h l (XP)d(B,B)(s)+ [\i(X^)dB(s). 

Jo Jo Jo 

By virtue of the Picard iterations scheme, the above solution J®(f) is Al-adapted and continuous. 
Observing that C belongs to the bounded continuous function space C q , which implies that |A"(0)| = 
|C(0)| < HCIIq < 00 . We select a positive number Iq such that |A(0)| < ||£|| g < lo- The definitions 
of gi , hi and wi yield that if for any l > Iq , ||A f ^|| < l then equation ( 1 . 1 ) is the same as equation 
( 3 . 1 ). Thus equation ( 1 . 1 ) has a unique solution X(t) satisfying X t = xf\ For any l > Iq , we 
define the following two stopping times 

9i = inf{f > 0 , |X(t)| > l} and pi = inf{t > 0 , ||X(i)|| ? > l }, 

with inf0 = 00 . We observe that ||X(i)|| ? = sup_ oo<a< 0 e 9 a |X(i + a)| > |X(t)|, which implies 
Pi > Oi. On the other hand, we note that 

9i = inf {f > 0, |A(f)| > 1} 

= inf{£ > 0, |A(s)| > l, for any s < t} 

= inf{t > 0, \X(t + a)| > l, for any a < 0} 

= inf{t > 0,sup \X(t + a) | > l}, 

Q<0 

where sup a<0 |A(t + a)| > sup a<0 e qa \X(t + a)| = ||A(t)|| g , which implies 9[ > pi. Thus we gain 
9 1 = pi. According to the definition of &i, {9i : l > lo} is a non-decreasing sequence and as l —* 00 
almost surely 0i —* 0oo < 0 e - Keeping in mind that 9i = pi and for any t G [0,0;], A ft) = X^\t), 
letting l —> 00 , it follows that for any t G [0, 0 e [, equation (1.1) admits a unique local solution A ft). 
The proof stands completed. □ 
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Now we are going to examine the global existence and uniqueness of solutions for (1.1). For g , h 
and 7 , we impose the following conditions: 

(A 2 ) For any probability measure g\ , / 12 , 7.3 G there exists positive constants A,;, i = 1,2, ..,5 
such that for any ip, tp G C q , we have 

[^(0) - ^(0)] T [ff(V’) -5(^)] < —Ai|V’(0) -^(0)| 2 + A 2 f \ip(a) - ip{a)\ 2 gi{da), (3.2) 

J — OO 

[V’(O) - ¥>(0)] r [/i(VO - MvO] < —A 3 |’0(O) - v?(0)| 2 + A4 / IV'(a) - </2(a)l Wda), (3.3) 

J — OO 

and 

\l(jP) - 7 (9?)| 2 < A 5 f \ip(a ) - y?(a)| 2 ^ 3 (da). (3.4) 

J — OO 

Theorem 3.2. Let assumptions A\ and Ao hold. Then the G-SFDE with infinite delay (1.1) has 
a continuous and Et-adapted global solution. 


Proof. For any initial data £ G C q , in view of local Lipschitz condition A\, Theorem 3.1 gives 
that (1.1) admits a unique maximal local strong solution X(t) on t G (— 00 ,6 e ) and this solution 
is continuous for any t G (— 00 ,6 e ) and ^-adopted. To prove that this solution is global, we only 
need to show that 9 e = 00 q.s. Note that 9[ is increasing as l —* 00 and 9i —> 9^ < 9 e q.s. If we can 
prove that 9^ = 00 q.s., then 9 e = 00 q.s., which implies that X(t) is global. This is equivalent to 
proving that as l —> 00 , for any T > 0, C(9i < T) —> 0. Applying the G-Ito formula to |X(f)| 2 , for 
any t G [0, T] we have 


\X(t)\ 2 = |AT(0)| 2 + f 2X T (s)g(X s )ds 

Jo 

+ [ [2X T (s)h(X s ) + \ 1 (X s )\ 2 }d(B,B)(s) + 

Jo 


2 X T (s)^(s)dB(s) 


Taking G-expectation on both sides, using properties of G-Ito integral and lemma 2.11, there exists 
a positive constant k\ such that 


rtAOi 

E\X{t A 9i)\ 2 < £'|A"(0)| 2 + E / 2 X T (s)g{X s )ds 

Jo 

rtAOi 

+ hE [2X T (s)h{X s ) + \'y{X s )\ 2 }ds. 

Jo 


(3.5) 


By using condition (3.2) and the fundamental inequality 2a\a2 < Yli=i a i we have 


X T {t)g{X t ) < X T (t)g( 0) - A!|X(t)| 2 + A 2 / \X(t + a)| 2 m(da) 


< -(A! - ^)|X(t)| 2 + l -\gm 2 + A 2 | x(t + a)\ 2 gi(da). 


(3.6) 


Similar arguments follows 


1 


1 


X T (i)h{X t ) < —(A 3 - -)\X(t)\ z + -\h(0)\ 2 + A 4 / | X(t + a)1 2 fi 2 (da). 


(3.7) 


By using condition(3.4) and the basic inequality CCi=i a *) 2 < 2 Yl“i.=i a i we get 


| 7 (Xi)| 2 < 2| 7 (0)| 2 + 2A 5 / |X(t + a)| 2 /i 3 (da). 


(3.8) 


On substituting (3.6), (3.7) and (3.8) in (3.5), we obtain 


ftAOi I-) rO 

E\X(tf\e l )\ 2 <E\X(V)\ 2 + 2E [—( Al — -)|X(t )| 2 + — |ff(0 )| 2 + A 2 / | X{t + a)\ 2 ^{da)\ds 

J 0 J —oo 


ftAOi 


1 


1 , 


+ hE [2[—(A 3 — -)\X(t)\ 2 + -|/i(0 )| 2 + A 4 / \X(t + a\ z ^ 2 (da)} 


+ [2| 7 (0)| 2 + 2 A 5 / \X(t + a)\ 2 fi 3 (da)]]ds 


fiA6»i 


< E |X(0 )| 2 + [| 5 (0 )| 2 + h\hm + 2/d| 7 (0)r]T - (2Ai - 1 )E / |X(f)| 2 d S 

Jo 

rtAOi ptAOi rO 

-ki(2\ 3 -l)E \X(t)\ 2 ds + 2\ 2 E / / |X(f+ a)|V(da)ds 

io io J— 00 


ftA 0 i /-0 


+ 2 fciA 4 £i 


+ 2k\X^E 


1 0 


ftAfy /-0 


|X(f + a)| 2 ^ 2 (da) 


|X(f + a)| 2 /r 3 (da)<is 


= E\X(0)\ 2 + [|<?(0)| 2 + fci|M0)| 2 + 2 /ci| 7 (0)| 2 ]T + (—2Ai - 2AqA 3 + h + 1 )E 

rt/\0{ rO 

+ 2\ 2 E / / |X(t + a)| 2 / ui(da)(is 

./ 0 J —00 

/■tA0j />0 

12 , 


fiA 0 ; 


|X(t)| 2 ds 


+ 2 fciA 4 i? 


+ 2k\\§E 


1 0 


ftAS; /-0 


|X(f + a)| fj, 2 (da)ds 


\X(t + a)\ 2 nz{da)ds, 


letting it'i = E\X(0)\ 2 + [|<?(0)| 2 + &i|h(0)| 2 + 2fci| 7 (0)| 2 ]T, we obtain 


ptAOi ptAOi rO 

E\X(t A 6i)\ 2 < K\ + (—2Ai — 2&qA 3 + k\ + 1)E / \X(t)\ 2 ds+ 2\ 2 E / 

JO Jo J —oc 


| X(t + a)| 2 //i(da)ds 


rtAOi r 0 


+ 2A4fci.Z£ 


|X(i + a)\ 2 ^ 2 {da)ds + 2k\\^E 


rtAOi r o 


| X{t + a)\ 2 ns(da)ds. 


(3.9) 
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Since £ G C q and n\, /it 2 , A *3 £ -ZV 2(? , the Fubini theorem and substitutions for z = 1,2,3 yield 

rtf\ 0 i rO 


|X(s + a)\ Hi(da)ds 


ptA0; p — s 


riA<9; 


>0 


/ — S PU 

\X(s + a )\ 2 Hi(da) + / \X(s + a )\ 2 Hi(da)]ds 

-CO J —s 

ds [ e 2 q ^ s+a \x(s + a)\ 2 e~ 2q ^ s+a ^ fii(da) + f ^i(da) 


ftA9 k 


|X(s + a)| 2 ds 


rt^i 


' —CO 

r—s 


rO 


rtAOi 


< I ds e 2q ^ s+a ^\X(s + a)\ 2 e 2q ^ 8+a ^ fj^(da) + / Hi{da) / |X(s)| 2 ds 

Jo J—oo J—oo 


1 0 


pO 


rtAdi 


< IICIG 
1 „ _ 

< 


e 2qs ds / e 2qa Hi{da) + / |X(s)| 2 ds 


'o 


' Jo 

simplification follows 

rtAdi r0 


\lv? q) + / \x(s Adi)\ 2 ds, 


\X{s +a)\ 2 iii{da)ds < ^\\Q\\ 2 ixf q) + f \X(s A 0i)\ 2 ds. 

Z Q Jo 


(3.10) 


Substitutions for i = 1,2,3 in (3.9) give 
£|X(fA 0 z )| 2 

<K 1 + (-2X 1 -2k 1 X 3 + k 1 + l)E [ \X(s A 6i)\ 2 ds + 2X 2 E[^-\\C\\ 2 q nf q) + [ \X(s A O^ds] 

Jo Z Q Jo 


1 11 /- 112 ( 2< ?) 


1 MAI|2 „(2<J) 


+ 2fc 1 A 4 i?[-||C||>r ; + i \X(S A9 l )\ 2 ds\ + 2k 1 X 5 [-\\C\\y^ > + I iXisAOOl'ds} 


2q 

= K\ + -[A 2 /4 2 ^ + AqA 4 /4 2 ^ + feiA 5 ^ 29)lllA " 2 


+ (fci + 1 — 2Ai + 2A 2 — 2k\X 3 + 2k\X^ + 2k\X§)E / |A(s A 0{)\ ds 

Jo 

rt 

12 , 


= ^ 2 + A- 3 / £|X(sA0*)| 2 ds 


Jo 

where A ' 2 = /\ 4 + |[A 2^i <1 ' > + hX^fj,^ + ^’lAs/Ug 2 ^] ||C || 2 and I< 3 = k\ + 1 — 2 Ai + 2 A 2 - 2 fciA 3 + 
2fciA 4 + 2 /C 1 A 5 . By virtue of the Grownwall inequality, 


taking t = T yields 


E\X(t A 9i))\ 2 < K 2 e Kst , 
E\X(T A9 i)\ 2 < K 2 e K3T . 
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By using lemma 2.9, the definition of 9i and the above inequality we have 


C{0i <T) = C{9 1 < T, | X(T A 9i)\ > l) < ^^|X(^)| 2 1 9i <t 

= ^E\X(TA9 1 )\ 2 1 6i <t 
= ^E\X(TA9 l )\ 2 


Taking limits l —> oo gives 


lim C(0i <T) = 0 , 


l— KX) 


which follows that G-SFDE (1.1) admits a unique global solution X(t) on [0,oo) q.s. The proof 
stands completed. □ 

4 Asymptotic properties for the solutions to G-SFDEs 

In this section, we study the mean square estimates for the solutions of G-SFDEs with infinite delay. 
The mean square boundedness for solutions of the mentioned equations is proved. Under different 
initial data, the large-tinre estimates of difference of solutions are examined. The convergence of 
distinct solutions with different initial data is shown. 

Theorem 4.1. Let assumptions A\ and A 2 hold. Let i = 1,2,.., 5 satisfy 2Xi > 2A 2 ^ < j 29 ' 1 + 
2 ^X 4 ^^ + /a As/iij 2 ^ — 2fciA 3 . Then there exists A 6 (0, (2Ai + 2k\Xz — 2A 2 / u ( j 2< ^ ~ 2k \— 
kiXsn^) A 2 q) such that 

E[\X(t)\ 2 ]<IU + K 5 e- M , (4.1) 


where 


and 


K± = + ~ki\h(0)\ 2 + -A’i| 7 ( 0 )| 2 ] 


ei 


£2 


K 5 = E\X( 0 )| 2 + 


2A 2 




k\X§ 


2q — A 9 ' 2q-X 

and e,ei and e 2 are sufficiently small such that 


(2q — A)(l — e 2 ) 


2„(2 q) 


iicii y 3 


2Ai — e — A — k\e\ + 2 & 1 A 3 — 2A 2 /4 q) — 2k\ Azt/ii^ — 1 ° > 0. 

1 - e 2 

Proof. Applying the G-Ito formula to e tx \X(t)\ 2 , for any t e [0, T] 


e xt \X(t)\ 2 < |X(0 )| 2 + / e Xs [X\X(s)\ 2 + 2X T (s)g(X s )]ds 

Jo 

+ [ e Xs [2X T (s)h(X s ) + \^(X t )\ 2 ]d(B,B)(s) + [ 2e Xs X T (s)^(s)dB(s). 

Jo Jo 
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Taking the G-expectation on both sides, using properties of G-Ito integral and lemma 2.11, there 
exists a positive constant k\ such that 

E[e xt \X{t)\ 2 } <E\X(0)\ 2 + E [ e As [A|X(s )| 2 + 2X T (s) 5 pG)]ds 

Jo 

+ hE [ e Xs [2X T (s)h(X s ) + \^(X t )\ 2 }ds. 

Jo 

By using condition (3.2) and Lemma 2.13 we have 

fO 

X T (t)g(X t ) < X T (t)g( 0) - A 4 |X(t )| 2 + A 2 / \X(t + a)| V (da) 


(4.2) 


< \e\X{t)\ 2 + l| ff ( 0)| 2 - Ar|X(t )| 2 + A 2 J° \X(t + a)|=Vi(da) 


' £ - '.—.'i 2 , 1 | mm2 


fO 


< (2 _ + ^rl^O)! 2 + ^2 / \X(t + a)\ 2 fii(da). 


Similar arguments yield 


X T (t)h(X t ) < - \ 3 )\X(t)\ 2 + ^\h(0)\ 2 + \, J \X(t + a)\ 2 g 2 (da) 


In view of condition (3.4) and lemma 2.12 we obtain 

1 , a 5 r° 

e 2 1 - 62 7 -oc 

By substituting the above obtained inequalities, (4.2) takes the following form 


|7(^)| 2 <-|7(0 )| 2 + y^ / \X(t + a)\ 2 g 3 (da). 


E[e xt \X{t)\ 2 ] < E\X(0)\ 2 + [-|^(0 )| 2 + —ki\h(0)\ 2 + -fc^O)! 2 ] f e Xs ds 


e 1 £2 

rt r 0 

„\s[/ I \ o\ A| V/«\|2 


to 


-\-E e s [(e + A — 2Ai)|X(s)| + 2A 2 / |7f(s + o:)| gi(dcx.)]ds 

J 0 J —00 

ft fO 

+ k\E / e As [(ei-2A 3 )|X(s)| 2 + 2A 4 / \X{s + a)\ 2 g 2 {da) 

J 0 J —00 

A 

+ -—— / \X(s + a)\ 2 g 3 (da)\ds 

1 ,J —00 

< E\X(0)\ 2 + [7| 5 (0 )| 2 + —ki\h(0)\ 2 + —ferl^O)! 2 ] T e Xs ds 

6 - 6 l 6 2 J 0 


+ (e + A - 2Ai + Ifeiei - 2ki\ 3 )E / e As |AT(s)| 2 ds 

Jo 

ft rO 

+ 2A 2 E / [e As / \X(s + a)\ 2 m(da)]ds 
J 0 J —00 

ft fO 

+ k\E / e As [2A 4 / \X(s + a)\ 2 g 2 (da) 

J 0 J —00 

+ 7 —^— [ \x(s + a)\ 2 g 3 (da)\ds, 

1 ^2 J —00 
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simplification implies 


E[e xt \X(t)\ 2 ] < £|X(0)| 2 + i[i| 9 (0)| 2 + —fei|h{0)| 2 + Ki| 7 (0)| 2 ](e« - 1) 

A 6 £l 62 


+ (e +X- 2 X 1 + k 1 e 1 - 2 k 1 X 3 )E / e Xs \X(s)\ 2 ds 

Jo 

ft rO 

„\s r / i vf n , „,m2. 


+ 2X2E / e 
Jo 


|X(s + a)|"/xi {da)\ds 


rt r 0 

As r 


(4.3) 


+ 2/C1A4 E J e Xs [ j |X(s + a)| fi2(da)]ds 


A 5 


+ /ci-- E / e 

1 - e 2 Jo 


J —OO 

t r 0 

Asr / 


|X(s + a)| 2 ^3(da)](Js 


Keeping in mind that 2 q > A, ( G C 9 , ^1,^2, /^3 £ and using the Fubini theorem for i = 1 , 2,3 
we have 


t r 0 


e As |X(s + a)| 2 /ij(da)ds 


0 J — 00 


= f e Xs ds[ f \X(s + a)\ 2 m(da) + f \X(s + a)\ 2 m(duj\ 

J 0 J —00 J— s 

= f e Xs ds f \X(s + a)\ 2 ^ii(da) + f ^i(da) f e As |A"(s + a)\ 2 ds 
J 0 J— 00 •/ — t J —a 

< /V s ds / % 2,?(s+ “ ) |A(s + a)| 2 e- 2 ‘ ?(s+Q Vi(da)+ /° ^(da) f e x ( s ~ a) \X{s)\ 2 ds 
J 0 J— 00 J —00 J 0 


< IICII? / e( A - 2 ^d S 


' 2 qa m(da) + f e Xa ^i(da) f e As |A(s)| 2 ds 
J —00 J 0 


< 


1 


< 


2 q - X q 
2 g“A IICll <^ 


2 q d 2q) + d X) [ e Xs \X(s)\ 2 ds 

Jo 

2 q V? q) +v¥ q) [ e A *|X(s)| 2 ds, 


simplification yields 

rt r 0 


e As |X(s + a)\ 2 Hi(da)ds < 


0 J — 00 


K\\y 2q) + tf q) l e Xs \X(s)\ 2 ds, (4.4) 
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which on substituting in (4.3) for i = 1,2,3 follows 


E[e x ‘\X(t)\ 2 ] < £|X(0)| 2 + l[i|9(0)| 2 + — fc,|ft(0)| 2 + —fe,|-r(0)| 2 ](e A1 - 1) 

A e e 2 

+ (e + A — 2Ai + k\E\ — 2k\Xf)E [ e Xs \X{s)\ 2 ds 

Jo 

+ ^^l | CI | M 29) + 2A2 ^ 29) ^^e As |^ ( ^| 2 ^ 

+ IKII+ 2k 1 X^ q) E e Xs \X(s)\ 2 ds 

- [ £ A(0)I 2 + ^ikiiM 2 ” + |^IICII 2 A 2 »> + (2g _l 1 ) a„ £2) iKH>f° ) ] 

+ 1[1|9(0)| 2 + IfcilMO)! 2 + ifci|7(0)| 2 ](e A ' - 1) 

A e ei 62 

- (2Ai - e - A - jfeici + 2fciA 3 - 2A 2 mS 2?) - 2fc 1 A 4 /4 2?) - P^^ q) )E [ e Xs \X{s)\ 2 ds. 

1 - e 2 Jo 


From the assumptions we observe that 2Ai > 2A 2 /i ( j 2< ^ + 2kiX4/a^ + kiX^fi^ — 2£qA 3 and A G 
(0, (2Ai + 2AqA 3 — 2X 2 nf q) — 2kiX4/j^ q ^ — kiXrgJ'f 9 ^) A 2q). Choosing e,ei and e 2 sufficiently small 
such that 

2Ai — e — A — k\d\ + 2k\ A 3 — 2 X 2 ^ 1 ^ — 2k l X A fi [ { q) — 1 0 ^ qS> > 0, 

1 — e 2 


we have 

E[\X(t)\ 2 }<K 4 + K 5 e~ xt , 


where 


and 


Ka = T-[“|fl , (0)| 2 + -h\h(0)\ 2 + -/d| 7 (0)| 2 ] 
A e 61 e 2 


k 5 = e\x(0)\ 2 + 


2X2 


2 q- X 

The proof stands completed. 




\ 2 A q) + 


fciA,5 


{ 2 q — A)(l — e 2 ) 


iici&4 2,) . 


□ 


Remark 4.2. The above theorem 4.1 shows that the solution of initial value problem (1.1) with 
given initial data is mean square bounded. 

Theorem 4.3. Let all the assumptions of theorem f.l hold. Let equation (1.1) has two different 
solutions X(t) and Y(t) corresponding to distinct initial data f and f respectively. Then 

E[\X(t) - Y(t) | 2 ] < K 6 E\\( - i\\ 2 q e~ xt , (4.5) 

where K 6 = 1 + ( 2 A 2 /rf^ + 2 ^X 4 ^^ + kiX 5 /a^). 
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Proof. We define F(t) = X(t) — Y(t) and 

g(t) = g(X t ) - g(Y t ), 
h(t) = h(X t ) - h(Y t ), 

7 (f) = 7 (X t ) - 7 (Y t ), 

then with initial data C ~ we have the following equation 

dF(t) = g(t)dt + h(t)d(B , B)(t) + */(t)dB(t). 


Applying the G-Ito formula to e xt \F(t)\ 2 , for any t E [0,T] 

e xt \F{t)\ 2 < |C( 0 )-£( 0 )| 2 + f e Xs [\\F(t)\ 2 + 2F T (t)g(t)\ds 

t t (4.6) 

+ [ e Xs [2F T (t)h(t) + \*f{t)\ 2 }d(B,B){s) + [ 2e Xs F T (s) 1 {s)dB(s). 

Jo Jo 

Taking the G-expectation on both sides, using properties of G-Ito integral and lemma 2.11, there 
exists a positive constant k\ such that 


e xt E\F{t)\ 2 < E |C(0) - ^(0)r + E / e As [A|F(t )| 2 + 2 F T (t)g(t)}ds 

Jo 

rt 


(4.7) 


+ k x E I e Xs [2F T {t)h{t) + | 7 (i)| 2 ]ds. 
By using assumption we have 


/o 


r 0 

F T (t)g(t) < -Ai|F(f )| 2 + A 2 / F(t + a)m(da), 

J — OO 

- 7 ° 

F T (t)h(t) < -A 3 |F(f )| 2 + A 4 / F(t + a)n2{da) 

J —OO 


and 


| 7 (t )| 2 < A .5 / F(t + a)g 3 (da). 
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In view of the above inequalities, (4.7) takes the following form 


e xt E\F(t)\ 2 < E\({0) - £(0)| 2 + E / e Xs [X\F(t)\ 2 - 2X 1 \F(t)\ 2 + 2A 2 / F(t + a)^{da)]ds 


— OO 
0 


rt r\J r U 

+ h\E / e As [—2A31| 2 + 2A4 / F(t + ex) /i 2 (<ia) + A5 / F(t + a)fi^{da)]ds 
Jo J —00 J —00 

< E\C(0) - <e(0)| 2 + (A - 2Ai - 2feiA 3 )E [ e Xs \F{t)\ 2 ds 

Jo 

r t 

+ 2A 2 E 



e As F(t- + a)fj,i(da)ds 


/ 0 J —00 
rt r 0 


+ 2IC1X4E 


+ kiX^E 



e Xs F(t + a)fi 2 (da)ds 


0 J —00 

t r 0 


e Xs F{t + a)n^{da)ds. 


0 J —00 


(4.8) 

In a similar fashion as in theorem 4.1 for i = 1, 2, 3 we have 

[ [ e Xs \X(s + a)\ 2 m(da)ds < 1 J C ~ [ e As |F(s)| 2 ds (4.9) 

Jo J-oa iq — A J o 

By substituting (4.9) in (4.8) we obtain 

e xt E\F{t)\ 2 < E\({0) - ^(0)| 2 + (A - 2Ai - 2 A* A 3 )E [ e Xs \F{t)\ 2 ds 

Jo 

+ ^IIC - eil^S 29) + 2A 2 /4 29) jf e Xs \F(s)\ 2 ds 
+ f^UC - a 2 A 9) + 2/ciA 4/ u? 9) J* e Xs \F(s)\ 2 ds 

+ ^- x mc - a 2 A q) + k ^? q) [ e Xs \F( S )\ 2 ds 

= E\C(0) - C(0)| 2 + ^Txl 2X ^ [ i q) + 2^iA4M? ) + hX 5 ^ g) ]E\\C - e|| 2 

/»£ 

- (2Ai + 2feiA 3 - A - 2X 2 Hi g) ~ 2 k x X 4 l i 2q) - hX^^E / e Xs \F{t)\ 2 ds. 

Jo 

In view of the conditions 2A 4 > 2A 2 /4 2 ^+ 2AqA4/4 21 ^ + feiAs/r!^ — 2AqA 3 and A 6 (0, (2Ai + 2AqA 3 — 
2 X 2 ^ 1 ^ ~ 2kiX A ^2 q ^ ~ kiX^fj,^) A 2 q) it follows 

E\F(t)\ 2 < [1 + ^^(2A 2 /4 2<?) + 2hX 4 ^ q) + hX 5 ^ q) )}E\\C - e|| 2 e- At , 


consequently, 

E\X(t) - Y(t)\ 2 < K 6 E\\C - e|| 2 e“ At , 

where I\q = 1 + (2A 2 /j ( 1 2,jI ' 1 + 2kiX4fi^ + kiXsfd^ 9 ^). The proof is complete. H 
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Remark 4.4. The above theorem 4.3 describes that two distinct solutions of the initial value 
problem ( 1 . 1 ) with two distinct initial data are convergent. 


5 Properties of the solution maps for G-SFDEs 

This section examines the asymptotic properties of the solution map Xt. First we find that the 
solution map Xt is mean square bounded. Then we show the convergence of distinct solution maps 
having distinct initial data. 

Theorem 5.1. Let assumptions A\ and A 2 hold. Assume that A,;, i = 1,2, ..,5 satisfy 2Ai > 


2\2h { i q) + 1 + 2AqA 4 /4 29) - 2 & 1 A 3 + ki + 2{k l p^ q) + 2fa^ q) )X 5 and A € (0, (2Ai - 2X 2 ^ q) - 1 - 
2&iA4/4 2< ^ + 2 & 1 A 3 — k\ — 2(fcu4 2,) + 2 /c 3 /u. 3 2c? ' ) )A 5 ) A 2 q). For any initial data ( € C q , we then have 

E\\X t f q <K 7 + K s e- x \ 

where K 7 = |[|5r(0)| 2 + fei|/i(0)| 2 + 2(fci + 2fe 3 )|7(0)| 2 ] and Kg = 3++ h(^ ++ 
2kgX b taf q) }. 


Proof. Applying the G-Ito formula to e xt \X(t)\ 2 and taking the G-expectation on both sides, we 
have 



(5.1) 



By using (3.6) and then (4.4) we obtain 




simplification follows 



(5.2) 
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By using (3.7), (3.8), (4.4) and lemma 2.11, there exists a positive constant k\ such that 


E[ sup / e Xs {2X T {s)h(X s ) + \ 1 (X t )\ 2 )d{B,B){s)] 
0 <s<t Jo 


<hE I e Xs (2X T (s)h(X s ) + \ 1 (X t )\ z )ds 


< k\E[ I e As (—(2A 3 — l)|X(t)|^ + |h(0 )| 2 + 2A 4 / \X(t + a)\ z fx 2 (da) 


+ 2)7(0)| 2 + 2A5 I \X(t + a)\ 2 jj,c,{da)]ds 


< jh{\h{0)\ 2 + 2| 7 (0)| 2 )(e At - 1) - A:i(2A 3 - 1 )E[ f e Xs \X(t)\ 2 }ds 


10 


+ 2k\\4E[ 


+ 2k\X^E[ 


t r 0 


e Xs \X(t + a)| fi- 2 (da)ds\ 


'0 J —00 
rt r 0 



e Xs \X{t + a)\ z ^{da)]ds 


'0 J—00 
12 


< \h(\h(0)\ 2 + 2| 7 (0)| 2 )(e At - 1) - fc!(2A 3 - 1 )E[ f e Xs \X(t)\ 2 }ds 
A Jo 

+ f^UCII^ + 2 h\ 4 ^ q) E J* e Xs \X(s)\ 2 ds] 


+ 


2 & 7 A 5 


2q- X 

simplification yields 


E\\C\\ 2 q ^ q) + 2k 1 X 5 ^ q) E / e As |X( S )|^ S 


(2g); 


^Asi 


£[sup / e As (2X T ( S )h(X s ) + | 7 (X 4 )| 2 )d(5,fi)( S )] 

0<s<tJO 

< ^i(IM0)| 2 + 2| 7 (0)| 2 )(e At - 1) + 2^(A: 1 A 4 ^ 2,) + fciAs^^llCII 

rt 

+ { 2 ^X 4 ^ + 2k 1 X b ^ q) - 2&iA 3 + h)E / e As |X(t)| 2 cfe. 


(5.3) 


By utilizing (3.8), the inequality 0702 < | Y^= 1 a * an d lemma 2.10, there exists a positive constant 


18 





k 2 such that 


2E[ sup / e Xs X T (s)~i{X s )dB(t)\<2k 2 E( \e Xs X T {s)^{X s )\ 2 ds) 2 

o<s<tJo Jo 


= 2k 2 E( f e Xs \X(s)\ 2 e Xs \ 7 (X s )\ 2 ds)^ 

Jo 


<E{ sup e As |X(s)| / )5(4^ / e As |7(X s )|"ds)5 

0 <s<t 


10 


1 


<-£(sup e A *|X( S )| 2 ) + 2£; 2 £ / e As | 7 (X s )| 2 d S 
^ 0<s<t JO 


1 


< ^( sup e As |X( S )| 2 ) + 2 k 2 E( / e As [2| 7 (0) 

1 O <s<t JO 


+ 2 A 5 / \X(t + a)\ 2 ^{da)}ds) 


= \e( sup e A *|X(s)| 2 )+4l-!i|7(0)|V‘ - 1) 

Z 0 <S<t A 


t r 0 


+ 4k%\ s E( 


e Xs \X(t + a)\ z fis(da)]), 


0 J — oo 


by using (4.4), we get 
2 E[ sup [ e Xs X T (s)^(X s )dB(t )] 

0<s<tJo 

< sup e As |X(s)| 2 ) +4& 3 y| 7 (0)| 2 (e At - 1) + ^ q) E\\C\\ 2 + Ak 3 X 5 ^ q) E f e As |^T(-s)1 2 rfs, 

z 0 <s<t A Zq — A J o 

(5.4) 
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where k 3 = k%. Substituting (5.2), (5.3) and (6.2) in (5.1), it follows 
E\ sup e A *|A(s)| 2 ] < £|C(0)| 2 + h 9 (0)l V* - 1) + ^4-E||C|l>? s) 

0 <s<t a iq — A 

rt 

+ (A — 2Ai + 2 X 2^1 ^ "b 1 )E / e Xs {\X (s)| 2 ds 

Jo 

+ -^&i(|/i(0)| 2 + 2 | 7 ( 0 )| 2 )(e At — 1) + —^(fciA 4 /4 ^ + &i^ 5/4 ^)-^||Cllg 

pt 

+ (2feiA 4 /Lt2 + 2feiA.5^ 29) - 2k! As + h)E / e Xs \X{t)\ 2 ds 

Jo 

+ )E( sup e As |A'(s)| 2 ) + 4t 3 i| 7 (0)| 2 (e A1 - 1) + E(bll||| f || 2 p< 2 «) 

2 o <s<t A 2q — A 

+ 4k 3 X 5 ^ q) E f e Xs \X{s)\ 2 ds 

Jo 

< E\cm 2 + ^(Iff(O)l 2 + h\h( 0 )\ 2 + 2 (h + 2 k 3 M 0 )\ 2 )(e xt - 1 ) 

+ ^ q _ ^[-^2/4 ^ + &i(A 4 + As)/4 9 ^ + 2fe 3 As/4 ^]£ , ||C||g 
+ [A — 2Ai + 2X2^1 ^ 1 

pt 

+ 2k l X±fi { 2 9) + 2k 1 X 5 fi i 2 q) -2k 1 X 3 + k l + 4k 3 X 5 n { 3 q) }E / e As (|X(s)| 2 ds 

Jo 

+ \e{ sup e As |X(s)| 2 ), 

2 O <s<t 

noticing that C(0) < sup_ oo<Q! < 0 e qa \((a)\ = ||C|| 9 , we have 

E[ sup e As |X( S )| 2 ] < |[| 5 (0)| 2 + h\h( 0)| 2 + 2(h + 2fc 3 )| 7 (0)| 2 ](e At - 1) 

0<s<t ^ 

+ 2q — X ^ ~ ^ ^ + X$)n2 9 ^ + 4k 3 X 3 ^i 3 ^l^HCII 2 

- 2[2Ai - 2X 2 ^i q) - 1 - A 

/»£ 

- 2&iA 4 /4 2<?) + 2fciA 3 -k x - 2{ki^2 q) + 2k 3l i { 3 q) )X 5 ]E / e As (|X(s)| 2 ds. 

Jo 

By using the assumptions 2Ai > 2A 2 / uf 9 '* + 1 + 2&iA 4 ^4 2 ^ — 2k 3 X 3 + k\ + 2{k\ix'2 9 ' > + 2k 3 /j,^)X5 
and A G (0, (2Ai — 2X2^ { { 9 ' 1 — 1 — 2/ciA 4 /4 2 ^ + 2k 3 X 3 — k\ — 2{k\fd£ q ^ + 2k 3 ^L' 3 q ' > )X 3 ) A 2q), we get 

E\ sup s a *|A(s)| 2 ] < h| 9 (0)| 2 + fc,|ft(0)| 2 + 2(ki + 2k 3 )| 7 {0)| 2 ](e A ‘ - 1) 

° <>S ‘ , (5.5) 

+ —— [2q — A + 2X2^1^ "b 2 A:i(A 4 + As)//^ 9 ^ + 4A; 3 A5/u,3^ c/ ' ) ] £111C11 g - 
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By virtue of the definition of norm ||.|j and observing that 2q > A we have 
E\\X t \\ 2 q = E{ sup e qa \X(t + a)\) 2 

— oo<a<0 

<E{ sup e Xa \X{t + a)\ 2 ) 

— oo<a<0 

< E( sup e -A(t- s )| X ( s )| 2 ) + jB ( sup e -^-*)|X(s)| 2 ) 

—oo<s<0 0 <s<t 

= e- A ^||C||^ + e~ xt E( sup e As |A( S )| 2 ). 

0<s<t 

Substituting (5.5) in the above inequality yields 

E\\X t \\ < e~ xt E\\a 2 q + |[|^(0)| 2 + h\hm 2 + 2(fci + 2fc 3 )|7(0)| 2 ](l - e“ At ) 

+ ^—\^q ~ ^ ^ 2fei(A4 + As)/4 qS> + 4fc 3 A,5/4 <? ' ) ]£ , ||C|| 2 ]e xt 

< K 7 + K 8 e~ xt 

where K 7 = f [|jg(0)| 2 H-Ai17z(0)| 2 + 2(Ai + 2A 3 )l'r(O)| 2 ] and Kg = 3+ + ki(\ 4 +\ 5 )/j,^ + 

2k 3 X^fi'^ q " > ]. The proof stands completed. □ 

Remark 5.2. Theorem 5.1 states that the solution map Xt of the initial value problem 1.1 with 
given initial data ( € C q is mean square bounded. 

Theorem 5.3. Let assumptions A\ and A 2 hold. Assume that A i, i = 1,2, ..,5 satisfy 2Ai > 
2 X 2 ^-2k 1 X 3 + 2k 1 \4H { 2 q) + {k 1 + 2k 3 )n { 3 q) X 5 and X e (0, (2Ai - 2 X 2 ^ + 2AqA 3 - 2kiX 4 ^ q) - 
(ki + 2k 3 )g {2q) X 5 ) A 2 q). Then for distinct initial data £, f £ C q the respective solution maps Xt(() 
and Y t (£) satisfy 

E\\X t (()-Y t (m 2 q <K 9 E\\(-f\\ 2 q e- x \ 
where K 9 = 1 + [A 2 /4 2</) + &i( 2A 4 /4 2 ^ + As/Xg 2 ^) + k 3 X 3 g.f q ^}. 

Proof. Keeping in mind the definitions of F(t), g(t), h(t ) and 7 (f), we apply the G-Ito formula to 
e At |.F(t )| 2 and then take G-expectation on both sides to obtain 

E[ sup e xt \F{t)\ 2 ] < E\((0) - £(0)| 2 + E[ sup [ e As [A|F(t )| 2 + 2F T {t)g{t)}ds\ 

0 <s<t 0 <s<t J 0 

T.E'fsup f e Xs [2F T (t)h(t) + \^(t)\ 2 ]d(B,B)(s)\ (5.6) 

0<s<t JO 

+ 2E[ sup [ e Xs F r (s)'y(X s )dB(t)}. 

0 <s<tJo 
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By using (3.2) and then (4.4) we have 


E[ sup / e As [X\F(t)\ z + 2F T (t)g(t)]ds] 
o <s<t Jo 


<£[sup / e^ s [X\F(t)\^-2X 1 \F(t)\ A + 2X 2 \F(t + a)\ z in{da)]ds] 

0<s<t J 0 J—oo 


2A 2 


< (A — 2X\)E I e Xs \F(t)\ 2 ds+^^E\\C-^ q) + 2X 2f x ( { q) E I e As |F( S )| 


,( 2 ?) : 


2 q- 


l ds 


2X 2 h\ 


(2g) 


-E\\C - e\\' 2 q - (2Ai - A - 2A 2 gf q) )E I e Xs \F(t)\ z ds. 


2q - X 

By using (3.3), (3.4), (4.4) and lemma 2.11, there exists a positive constant k\ such that 
E[sup [ e Xs [2F T (t)h(t) + \j(t)\ 2 ]d(B,B)(s)} 

0 <s<tJo 

< k\E[ f e Xs [2F T (t)h(t) + | 7 (t)| 2 ]ds 

Jo 

rt rO rO 

< k\E[ / e As [—2A 3 |F(t)| 2 + 2A 4 / \F(t + a)\ 2 g 2 {da) + X 5 \F(t + a)\ 2 g 3 (da)}ds 

Jo J— oo J —oo 


rt 


t r 0 


< — 2k\X 3 E / e Xs \F(t)\ 2 ds-\-2k\XiE / / e Xs \F(t + a)\ 2 fi 2 {da)ds 

J 0 Jo J—oo 

rt rO 

+ k±X§E / / e Xs \F(t + a)\ 2 n 3 {da)ds 

J 0 J—oo 

< -2hX 3 E [' e Xs \F(t)\ 2 ds + ^^E\\(-£\\ 2 y* q) + 2hX 4 ^ q) E f e Xs \F(s)\ 2 ds 


i o 


2q- X 


1 0 


+ 


^^E\\C-ay 3 q) +hX 5 ^ q) Ej\ Xs \F(s)\ 2 ds 


< 


2q- X 


fci(2A 4 ^ 2<?) + A 5 /4 29) )£||C - £l| 2 - (2fciA 3 - 2k 1 X 4 $ q) - X 5 k U i (2q) )E f e Xs \F(t)\ 2 ds. 


By utilizing (3.8), the inequality aia 2 < \ J2i =i a * an d lemma 2.10, there exists a positive constant 
k 2 such that 

2£[sup [ e Xs F T (s)^f{X s )dB{t)} < 2k 2 E( [ \e Xs F T (s) x f(X s )\ 2 ds)^ 

0 <s<tJo Jo 


= 2 k 2 E{ e As \F(s)\ z e* s \*f(X s )\ z ds)* 

Jo 

r>t 

<E( sup e As |F(s)| 2 )2(4A;| / e As |7(A: s )| 2 ds)5 
0 <s<t Jo 

< \e{ sup e Xs \F{s)\ 2 ) + 2k 2 E f e Xs \^{X s )\ 2 ds 
J 0 <s<t Jo 


1 


t /-o 


< -E{ sup e Xs \F(s)\ z ) + 2k z 2 X 5 E 

2 0<s<t 



e Xs \F(t + a)\ z g 3 (da)ds, 


0 J —oo 
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by using (4.4), we get 


2 E[ sup / e Xs F T (s)*/(X s )dB(t )] 

0 <s<tJo 


1 


2fc 3 A 5 (2q) 


<^E{ sup e x °\F(s)f) + ^^>E\\C-^ + 2k 3 \J* q) E I e Xs \X(s)\ 2 ds, 
2 0<s<t Zq — A J o 

where fc 3 = k 2 - Substituting all the above derived inequalities in (5.6) we have 
£[sup e xt \F(t)\ 2 } < 2 ^ ^ HC ~ Cll» ~ (2Ai - A - 2XoJ? q) )E f e Xs \F(t)\ 2 ds 


(5.7) 


0<s<t 


+ 


2q- A 
1 


fc 1 (2A 4 ^ 29) + A 5 4 29) ) J B||C-eil' 


2q- X 

/*t 

(2fciA 3 - 2fciA 4 /4 29) - A 5 fci4 29) )^ / e As |F(t)| 2 ds 


1 


2 A’ 3 A5 (2g) 


ft 


2 o <s<t 

1 


+ ^( sup e Xs \F(s)\ 2 ) + ^^^ q} E\\C-a 2 q + 2h\ 5 ^ q) E ^ e As |X(s)| 2 ds 


2q- X 


[2X 2 ^ q) + fci(2A 4 ^ 2?) + A 5 ^ 2?) ) + 2fc 3 A 5 /4 29) ]£||C “ £11? 


- [2Ai - A - 2A 2 /4 29) + 2AqA 3 - 2k 1 X A ^ q) - A 5 fci/4 2,) - 2A) 3 A 5 ^ 29) ]^ / e As |F(f)| 2 ds 

Jo 

+ \E( sup e A *|F(s)| 2 ), 


0<s<t 


simplification yields 


E[ sup e A *|F(f)| 2 ] < 2 [2X 2 ii{ q) + 2A’i(2A 4 /i^ 9) + X 5 ^ q] ) + 2k 3 X 5 ^ q) ]E\\C - £\\ 2 q 

0 <s<t Zq — A 


- 2[2Ai - A - 2A 2 ^ 2g) + 2fciA 3 - 2fciA 4 ^ Z9; - {hi + 2fc 3 )/4 Z9j A 5 ]£ / e Xs \F{t)\ 2 ds. 


(29) 


,(2g) - 


_Asi 


By using the assumptions 2A 4 > 2X 2 fi^ — 2kiX 3 + 2k\Xiix:{ q ^ + {kiF2k 3 )ii^ q ^X^ and A 6 (0, (2A 4 
2X 2 /z^ + 2£qA 3 — 2feiA 4 /4 2< ^ ~ (&i + 2fc 3 ) / Ug 29 ^ A5) A 2g), we get 

2 -[2A 2 /4 29) + 2& 1 (2A 4 /4 2<z) + A 5 ^ 29) ) + 2k 3 X 5 $ q) ]E\\( - e|| 2 


E[ sup e^|F( S )| 2 ] < 

o<s<t zq — A 


(5.8) 


Observing that 2q > X and using the definitions of norm and F(t) we obtain 
E\\X t {Q-Y t {0\\ 2 = E{ sup e qa \F(t + ct)| 2 ) 


—oo<a<0 


<E{ sup e Xa \F{t + a)| 2 ) 

—oo<a<0 

<£( sup e - A( *-s)|i?( s )| 2 ) + £( sup e“ A(t “ s) |F(s)| 2 ) 

— OO<S<0 0 <S<t 

= e~ xt E\\( - e|| 2 + e~ xt E{ sup e As |F( S )| 2 ), 

0 <s<t 
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on substituting (5.8) in the above inequality, we derive 


E\\MQ - Y t(0\\ 2 g < e~ Xt m - ell? + + k^xj^ + A 5 ^ 29) ) + k 3 \ 5 ^ q) }E\\( - C\\ 2 q e~ M 

= K 9 E\\C-H\\ 2 q e- Xt , 

where Kg = 1 + [X 2 ^ 2q ^ + kiiflX^gJ^ + ^ 5 ^ 3 ^) + ^ 3 X 5 ^^]. The proof stands completed. □ 

Remark 5.4. Theorem 5.3 indicates that two distinct solution maps Xf and Yt from the respective 
distinct initial data ( £ C q and £ £ C q are convergent. 


6 The Lyapunov exponent and exponential stability 

In this section we prove two results. First we determine that lim^oo sup jlog\X(t)\, which is known 
as second moment of Lyapunov exponent [7, 16], is bounded. Later, we derive that the equilibrium 
solution of G-SFDE with infinite delay is mean square exponentially stable. 

Theorem 6.1. Let assumptions A\ and A 2 hold. Then 

lim sup -log\X(t)\ < M, 

t— >00 t 


where M = 2 (A 2 + 33As — Ai — A 3 + 2). 

Proof. Applying the G-Ito formula to |X(f )| 2 and taking the G-expectation on both sides 
E[ sup |X(f)| 2 ] < E\X{<d)\ 2 + 2 E[ sup [ X T (s)g{X s )ds] 

0<s<t 0<s<t JO 


0<s<tJO 

By using (3.6) and then (4.4) we obtain 


+ E[ sup / ( 2 X T (s)h(X a ) + | 7 (X S )| 2 )d(B, B)(s )] 

0<s<tJo 

+ 2 E[ sup [ X T {s) 1 {X s )dB{t )] 


2E[ sup [ X T (s)g{X s )ds] 

0 <s<t Jo 

<E[ r-(2Ai-l)|A(t )| 2 + | ff (0 )| 2 + 2A 2 \X(t + a)\ 2 ^{da)]ds 
J 0 J —00 

< | 5 ( 0 )| 2 T + -£||C|| 2 /4 2<?) + (2A 2 - 2Ar + 1 )E f \X(s){ 2 ds. 

Q Jo 


( 6 . 1 ) 
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By using (3.7), (3.8), (4.4) and lemma 2.11, there exists a positive constant k\ such that 


E[ sup / (2X T (s)h(X s ) + \ 1 (X s )\ 2 )d(B,B)(s)]<k 1 E[ (2X T (s)h(X s ) + | 7 (X s )| 2 )]ds 
0 <s<tJo Jo 

< ki[E A-(2A 3 - l)\X(t)\ 2 ds + \h(0)\ 2 T + -E\\(\\ 2 q $ q) + 2 f \X(s)\ 2 ds 
Jo 1 Jo 

rt 


As 


+ 2|7(0)|^r+^||C||^i 29) + 2A 5 ^ / \X(s)\ 2 }ds 


1 


10 

,(2g) . ,,(2g). 


< *i[|M0)l + 2|7(0)HT + h-(X 5 ^ q) + tf q> )E\\C\\ 


+ h(2X 5 -2X 3 + 3)E / |AT(s)| 2 ds. 

Jo 

By utilizing (3.8), the inequality 0102 < \ 1 a * anc ^ lemma 2.10, there exists a positive constant 

k 2 such that 

2£[ sup [ X T (s)'y(X s )dB(t)} < 2k 2 E{ [ \X r {s)^{X s )\ 2 ds)^ 

0<s<tJo Jo 


= 2k 2 E(l |X( S )| 2 e A *| 7 (X s )| 2 ds)i 


< E( sup |X(s)| 2 ) 2 ( 4 ^ / \'y(X s )\ 2 ds )2 

0 <s<t Jo 

< \e{ sup e Xs \X(s)\ 2 ) + 2k 2 2 E f e As | 7 (X s )| 2 ds 

2 0<s<t 


/0 


1 


ft 


<-£(sup \X(s)\ 2 ) + 2k 2 E( [2| 7 (0)|" 

2 0<s<t JO 

f° 

+ 2 A 5 / |X(t + a)| 2 /x 3 (<ia:)]ds) 

J — OO 

< ^(sup |X( S )| 2 )+4fc 2 | 7 (0)| 2 T 

2 0 <s<t 


t. r 0 


+ 4fe 2 2 A 5 S( 



|X(t + a)| 2 ^ 3 (da)]ds), 


0 j— 00 


by using (4.4), we get 


2£[sup / X r (s) 7 (X,)dB(t)] 

0 <s<tJo 

< A( SU P l^)| 2 ) + 4fc 3 | 7 (0)| 2 T+^^ 29 ) £;||C||^ + 4fe 3 A5£; /Vwi 2 d«, 

2 o<s<t ,y 0 


( 6 . 2 ) 
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where k 3 = k%. Substituting the above inequalities in (6.1), we have 

E[ sup |X(t)| 2 ] < 2£|X(0)| 2 + 2| 5 (0)| 2 T + 2—^||C||^f ?) + 2(2A 2 - 2Ai + 1 )E [ |X(s)| 2 ds 

C\<q<+ Q /n 


which follows 


+ 2ki[\h(0)\ 2 + 2| 7 (0)| 2 ]T + 2kJ(X b $ q) + $ q) )E\\(\\ 2 q 

+ 2fci(2A 5 -2A 3 + 3 )E f |X(s)| 2 ds 

Jo 

+ 8fc 3 | 7 (0)| 2 T + ^^IlClg + 8fe 3 A 5 $ q) E f \X(s)\ 2 ds 
Z Q Jo 

< 2[| 5 (0)| 2 + h(\h( 0)| 2 + 2| 7 (0)| 2 ) + 4fc 3 | 7 (0)| 2 ]T 

+ ^[q + A 2 ^i 2g) + fci(A 5 /i^ 9) + $ q) ) + 2k 3 X 5 ^ q) ]E\\C\\ 2 q 

+ 2[2A 2 — 2Ai + 1 + fci(2A,5 — 2A 3 + 3) + 4A; 3 A5]£1 f | A(s) | 2 ds, 


E[ sup \X(t)\ 2 ] < Li +L 2 / E[ sup |X(s)| 2 ]ds, 
0 <s<t Jo 0 <s<t 


where L x = 2[|sr(0)| 2 + fci(|/i(0)| 2 + 2| 7 (0)| 2 ) + 4/c 3 | 7 (0)| 2 ]T + |[<? + X 2 ^ q) + h(X 5 nf q) + ^ 2<?) ) + 
2k 3 X 3 ^ q ' , ]E\\C,\\ 2 and L 2 = 2[2A 2 — 2Ai + 1 + k\(2X§ — 2A 3 + 3) + 4A: 3 A5]. Applying the Grownwall 


inequality, we get 


E[ sup \X{t)\ 2 } < L ie L2t . 


0 <s<t 


(6.3) 


By virtue of the above result (6.3), for each m = 1, 2,3,..., we have 


E[ sup \X{t)\ 2 }<L ie L2m . 

m—Kt<m 


For any e > 0, by using lemma 2.9 we get 


C(w: sup |X(t)| 2 > e^+‘)">) < 

m-l<t<m e in 2 +e)m 


< 


L ie L27 


e (L 2 +e)m 

= L\e~ em . 

But for almost all w G fi, the Borel-Cantelli lemma yields that there exists a random integer 
mo = mo(tc) so that 

sup \X(t)\ 2 < whenever m > mo, 


which implies 


m—l<t<m 


lirn sup hog\X(t)\ < 6 

t —>00 t z 


— 2 (A 2 + 33A5 — Ai — A 3 + 2 ) + —, 
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but e is arbitrary and the above result reduces to 

lim sup -log\X{t)\ < M, 
t —>oo t 

where M = 2 (A 2 + 33As — Ai — A 3 + 2). The proof is complete. Q 


The book of Mao [22] and papers [19, 20] are good references for the study of exponential 
stability. 

Definition 6.2. The equilibrium solution of G-SFDE with infinite delay is said to be pth moment 
exponential stable if there exist two positive constants 7/ and A such that for any 

E[\X(t)\P]<r,E\\Cr q e- xt , t> 0, 

Particularly, if p = 2 i.e., 

E[\X(t)\ 2 ]<r,E\\C\\ 2 q e- M , t> 0 , 
then it is called to be exponentially stable in mean square. 

Theorem 6.3. Let assumptions A\ and A 2 hold. Assume that Ai > ~ 

/C 1 A 3 and A G (0, (Ai + & 1 A 3 — X 2 ^\ q ' > ~ AqA 4 ^ 2 ^ ~ A 2 q). Then the equilibrium solution 

of problem (1.1) is mean square exponentially stable, i.e., there exists a pair of positive constants rj 
and X such that 

E[\X(t)\ 2 }<r,E\\Cf q e- xt , t> 0. 


Proof. Let X(t) be the equilibrium solution of problem (1.1) and X(0) = ((0) 6 C g . Applying the 
G-Ito formula to e tx \X(t.)\ 2 , for any t G [0, T] 


e xt \X(t)\ z < |C(0 )| 2 + / e Xs [X\X(s)\ 2 + 2X^s)g(X s )]ds 




+ / e Xs [2X T (s)h(X s ) + \ 1 (X t )\ 2 }d(B,B)(s)+ I 2e As X T (s)^(s)dB(s). 


XS \rr ( 


IQ 


1 0 


Taking G-expectation on both sides, using lemma 2.11 and properties of the G-Ito integral, we have 

rt 


E[e xt \X(t)\ 2 } < E\C(0)\ 2 + E I e As [A|X(s )| 2 + 2 X T (s)g(X s )}ds 


X s r 


'0 


+ kiE I e Xs [2X T (s)h(X s ) + | 7 (^)H^. 


(6.4) 


In a similar fashion as earlier, from condition A 2 , we obtain 

i-O 

X T (t)g(X t ) < -\ 1 \X(t)\ 2 + X 2 / | X{t + a)\ 2 m{da), 

J —OO 

X T (t)h(X t )<-X 3 \X(t)\ 2 + X 4 / \X(t + a)\ 2 fi2(da), 

J — OO 

rO 

\ 1 (X t )\ 2 <2X 5 \X{t + a)\ 2 ^{da), 


(6.5) 
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which on substitution in (6.4) implies 


E[e M \X{t)\ 2 } < E\Cm 2 + E f e Xs [X\X{s)\ 2 -2X 1 \X{t)\ 2 + 2X 2 \X (f + a)\ 2 m{da)]ds 

J 0 J — oo 

rt rO rO 

+ E e Xs [-2k\X 3 \X(t)\ 2 + 2 /C 1 A 4 / \X(t +a)\ 2 ^ 2 {da)+ 2kiX 5 / \X(t + a)\ 2 [i 3 (da)\ds 

JO J—00 J —00 

rt rt rO 

<E\C(0)\ 2 + (X-2X 1 -2k 1 X 3 )E e Xs \X{s)\ 2 ds + 2X 2 E / e Xs \X{t + a)\ 2 m(da)}ds 

JO Jo J—00 

rt rO rt rO 

+ 2kiX 4 E / / e Xs \X(t + a)\ 2 n 2 {da) + 2k 1 X 5 E / / e Xs \X{t + a)\ 2 ^ 3 {da)}ds 
Jo J— 00 Jo J—00 

< £|C(0)| 2 + _ ^(^ 2/^1 ^ + kiX 4 J 2 ^ + kiX 3 J 3 q) )E\\C\\ 2 


- (2Ai + 2fciA 3 - 2X 2 Ji q) - 2k l X 4 ^ q> - 2k 1 X b ^ q> - X )E I e As \X{s)\ 2 ds. 

Jo 


,(2g) 


,( 29 ) 


Noting that £'|C(0)| 2 < .E||C|| 2 and using the assumptions Ai > A2/4 2 ^ + &iA4a4 2 ^ + ^iA5a 4 21 ^ — AqA 3 
and A G (0, (Ai + fciA 3 — A 2 — kiX^n^ ~ kiX 3 J 2q) ) A 2q), we have 

e At £[|X(t)| 2 ] < £||C|| 2 + 2^(A 2 /xS 29) + A 4 ^ 29) + A 5 ^ 29) )i?||C|| 2 , 


consequently, 


£’[|^(t)r] < vE\\C\\ie 


2 -At 


where 77 = 1 + 7^x(X 2 ^[ 2q ' > + X^J 2 ^ + X§J 3 q ^) is a positive constant. The proof is complete. □ 
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